GCU

Glasgow Caledonian
University

School of Computing, Engineering &

Built Environment

M athematics Summer School

Level 2 Entry — Engineering

Integral Calculus



Contents

1. Antidifferentiation or Indefinite Integration ............ccccceeeviieieiiieeiiieeiiee e, 1
2. The Rules of Integration and the Integrals of Some Basic Functions ................. 2
3. The Integrals of Some Other FUNCLIONS .........cccoveeeiiiieiiiieiieciee e 3
4. Indefinite Integration by SubStitution ............cccoeeviiiieiiiieniieecee e 7
5. Integration bY Parts .........cocuiieiiiiiiiiece e 16
6. Integration Using Trigonometric Identities .........ccceeevieeeciiieeiieeeieeeiee e, 20
7. Integration Using Partial Fractions ..........cccceeevireiiieeiiieeieeceeeeee e 21
8. Definite INteIation ........cceeecuiieiiiiieeiieecieeeeiee e etee et e e ere e e te e e eree e sraeesnee e 22
(a). Definition and Evaluation of a Definite Integral ..........c..cccvvenneennee. 22

(b). Effect of a Change of Variable (Integration by Substitution) ............. 25

(c). Using Definite Integration to Determine Areas Between Curves ....... 28

TULOTIAL EXEICISES .uvveuvieiiiiieiieieeiieteete ettt ettt ettt ettt st 30

ANSWETS 10 TULOTIAL EXEICISES vveveeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeenenes 34



Integral Calculus

1). Antidifferentiation or Indefinite Integration

Definition: A function F(x) is called an antiderivative of f(x) if
Fl(x) = f(x) .

The problem we shall now look at is how to determine F'(x) from f(x).

Consider the following. Which function when differentiated gives 2 x?

If we recall the rules of differentiation it should be obvious that

Therefore x” is an antiderivative of 2x. We say “an” antiderivative because there are others:

d ) _
E[x +3]—
%[x2 ~ 13 ] = 2x
i[x2+7r]=2x.
X

In fact, any function of the form
F(x) = x> + C ,

where C is a constant, is an antiderivative.

Further Example

D). f(x) = x° F(x) = ix* + C

The process of determining antiderivatives is usually referred to as integration. We use the
following notation:

f(x)a’x = F(x) + C

S NN

Integral sign Integrand Differential Antiderivative

Constant of
integration




Notes: (i). The differential dx indicates the variable of integration. We could be
integrating with respect to another variable, say 7, in which case we would
have

jf(z)dr = F(t) + C .

(ii). Because of the unspecified constant C, we call this process indefinite
integration.

Example

(2). Determine J. 5x* dx .

I = I5x4dx

2). TheRulesof Integration and the I ntegrals of Some Basic Functions

(). j kf(x)de = kj £(x) dx (where k is a constant)
(b). [l + gx)]de = [ f(x)de + [ g(x)ax
(©. .[ kdx = kx + C (where £ is a constant)

(d). J‘x”a’x=nl+1x”+1 + C (n#-1).



3). Thelntegralsof Some Other Functions

J(x) F(x) + C
) Recall from
cos(x) sin(x) + C Differential
Calculus that all
. “trig angles” must
sin(x) —cos(x) + C be in radians and
not in degrees.
ex eX + C
1
- In|x| + C
X

We shall regard the above as our table of standard integrals. It will be advantageous to be
able to think of this table in terms of other variables (e.g. ¢, u , etc.) as well as x.

Using the rules and the table we can integrate simple functions.

Examples

(3). Determine I = I(Sx - 2)dx.
I = j(5x — 2)dx
= 5] xdr - [ 24
=5[ix*]1- 2x + C

%x2—2x+C




(4). Determine I = J’ﬁ dx .

First write the square root as a power.

1 Ix% dx

=%x%+C

1+xdx

(5). Determine I = I

X

Note that we cannot integrate the top and bottom of the fraction separately. In order to
integrate, we divide out:




1 + x

2
X

(6). Determine I = J‘ dx

This is similar to the previous example, but with a subtle variation in the denominator.

_jl-;zx

dx

Note the power of —1 in the second term

-1
x—l + In|x| + C

—x7' + ln|x| + C

Ly In|x| + C
X

Note the natural log!

Sometimes we will have additional information that will allow us to determine a specific
value for the constant of integration, C.

Examples

(7). Determine I = I(4x — x*)dxif I = 21 whenx = 3.

1 = J‘(4x — x*)dx

Set I = 21 and x = 3, then solve for C:
21:2><32—§><33+C - 21 =18 -9+ C —»> C =12

I =2x —1x +12.




(8). A projectile is travelling in a straight line at a constant velocity u . Attime ¢ =0 the
projectile starts accelerating at ¢ ms . Determine expressions for the projectile’s

subsequent velocity and displacement.
Let the velocity be denoted by v:

dv
dt

= a
Integrate to eliminate the derivative:

v = j a dt (Note that a is a constant.)

<
Il

at + C, .
When =0, v=u:
u = ax0 + C, - C, =u

v = at + u
or
v = u + at .

Now determine displacement. Let the displacement be denoted by s :

ds
dt

=V

”
Il

I v dt (Note that v is not a constant.)

s = J(u + at)dt

s = ut + tat® + C, .
Assume that s =0 when #=0:

0 = ux0 + 1ax0® + C, - C, =0




4). Indefinite Integration by Substitution

From the table of standard integrals we see that

Jcos(x) dx = sin(x) + C ,
but what is Icos(2x) dx ?

The answer is NOT simply sin(2x) + C.

Our table is our standard set. If we have an integral that is non-standard, that is a variant of
a standard integral or something more complicated, we may be able to convert it into a
standard form by a substitution or change of variable.

Consider
I = j cos(2x) dx .

To make the integrand standard, we need a variable in the cosine with a coefficient of 1. To
get this, set

u = 2x . [1]

This turns cos(2x) into cos(u). However the differential must now reflect the change of
variable, so we must express dx in terms of du. We do this by differentiating [1],

du
= =2,
dx

then splitting this derivative term into its differentials to give

du = 2dx
or
dx = 1du . [2]

[1] and [2] together turn the non-standard integral into

1

j cos(u) (Ldu)

3 I cos(u) du (standard in terms of u)

+sin(u) + C
Substituting back for u in terms of the original variable x gives

I = sin(2x) + C




Further Examples

(9). (i). Determine I = Icos(4x) dx .

1 = J.cos(4x) dx

Set: u = 4x
Differentiate: ﬂ = 4
dx
du = 4dx
dx = Jdu

[ = Icos(u)(%du)

%I cos(u) du

+sin(u) + C

= ;sin(4x) + C

(9). (ii). By using the substitution u# = ax + b and following the above pattern we can
show that

I = Jcos(ax+b)dx = lsin(ax+b) + C,
a

(providing that @ and b are constants).

Note J.cos(ax+b)dx is called a linear variant ofJ. cos (x)dx .



(10). (i). Determine I = Isin(4x+3) dx

[ = Ism(4x+3)dx

Differentiate: ﬂ = 4
dx
du = 4dx
dx = Jdu

~
Il

j sin(u) (Ldu)

%j sin(u) du

= —Ltcos(u) + C

= —gcos(4x+3) + C

(10). (ii). By using the substitution u# = ax + b we can generalise the above result for
any linear variant of the integral of sin(x):

I = jsin(ax+b)dx = —lcos(ax+b) + C,
a

(providing that @ and b are constants).



(12). (). Determine I = I e dt .

]=J.etdt

I = je" (—du)

=—Ie”du

—-e" + C

-+ C

(12). (ii). General result:

Izjexdxzex+C

[ — jeax+b dx —

leax-%—b

a

+

Set:

Differentiate:

C .

10



dx

(12). (). Determine I = I

2x—4
I _J‘ dx
2x — 4
Set: u = 2x-4
Differentiate: ﬂ = 2
dx
du = 2dx
dx = Sdu
1 1
I = j;(zd“)
1
= %ln|u| + C

= 1ln[2x-4|+ C

(12). (ii). General result:

Izjldx:1n|x|+C

X

I=I ! dx=lln|ax+b|+C )
ax+b a



Summarising the general results derived by the substitution method we have

f(x) F(x) + C
1 .
cos(ax +b) —sin(ax+b) + C
a
. 1
sin(ax +b) ——cos(ax+b) + C
a
eax+b leaerb + C
a
1 1
—In|ax+b| + C
ax+b a

providing a and b are constants.

The substitution technique can also be used with integrals of the form
1= [lgx)]" h(x)dx
providing
d
h(x) = a—[g(x)]
dx

where a is some multiplying constant.

Examples

(13). I=[6x(3x+7) dx

= j(.?,x2 +7)° (6xdx)

continued over . ..

12



(14). Determine [ =

I =

Set: u = 3x* +7 ,

Differentiate:
du = 6x
dx
du = 6xdx .
I = I u’ du
=1y + C
= 13x*+7)° + C .
I xe ™ dx .
J‘ e x dx
Set: u = —x’
Differentiate:
du = -2x
dx
du = —2xdx
xdx = —3du
je”(—%du)
—lj e" du
—ze" + C

13



(15). (i). Now consider integrals of the form

I = de
S/ (x)

where the integrand is a fraction whose numerator (top bit) is the derivative of its
denominator (bottom bit).

If we set u = f(x), then differentiate and separate to give du = f’(x) dx,
the integral can be recast as

- Ildu = Ifu| + C = m|f(x)| + C.

u

_ [

u

1

That is,

j%dx = In|/(x)| + C .

You may use this as a general result.

(15). (ii). Determine I :j X
x°+4

If we “fine tune” this integral by re-writing it as

1 :ij 22x dx ,
x°+4

the numerator is now the exact derivative of the denominator and so we can use
the result above:

2x
= 1
h= 2J‘x2+4dx

gln‘x2 +4‘ + C .

14



(16). Sometimes it is not obvious that a change of variable will help in the integration
process. Consider

I=jx x -2 dx .

Set: u = x-2
. . d
Differentiate: — = 1
dx
du = dx
This means that the integral can be written as
I = J. XAu du .
To complete the change we must write x in terms of u : u = x-2
X =u+?2

I = j(u + 2)Ju du
= j(u + 2)u” du
= [ " + 2u”)du
= %u% + %u% + C

2(x=2)" +4(x=-2)" + C

Integration by substitution is an extremely important technique. Spotting whether a
substitution will work, and what that substitution is, can be tricky but will become easier, the
more problems you tackle.

15



5). Integration by Parts

Another useful technique for integrating ‘difficult’ functions is integration by parts. The
method is derived from the product rule for differentiation which states that if f and g are
both functions of x then :

d d d
—[fg] = f(x)——[g®] + gx)—[f(x)] .
dx dx dx
The rule can be written in a more compact form as
d , ,
—[fel=rg + fg.
dx
Rearranging this expression yields
4 d ’
feg=—0rel-re.
dx
Integrating both sides, with respect to x, gives the rule for integration by parts,
[fede=7fg - [fgdx

which enables us to integrate many functions involving products of functions of x.

The goal here is to obtain a less complicated integral on the right-hand-side, i.e. J. f'gdx

than the one we started with, i.e. I fgdx.

Application of the method requires us to identify candidates for f , the function to be
differentiated, and g”, the function to be integrated.

Examples

(17). (). Determine j x sin(x) dx using integration by parts.

Write the integral as
I = jxsin(x)dx

and set

f(x) =x g’ (x) = sin(x) .

16



Note that we normally select f(x) as the part of the product that results in a ‘simpler’
function when differentiated.

Differentiating f (x) and integrating g’(x) gives:

f(x) =1 g(x) = —cos(x) .

Applying the rule for integration by parts:

1

[rede=fg - [fgdx

—xcos(x) -— Il(—cos(x))dx

—xcos(x) + .[cos(x) dx .

The remaining integral is one of our standard integrals and can easily be determined:

1

—xcos(x) + .[cos(x) dx

—xcos(x) + sin(x) + C .

The required constant of integration is introduced at the end.

(17). (ii). Determine j x” sin(x) dx using integration by parts.

Following the pattern of part (a), write the integral as:

I :j x*sin(x) dx

and set

f(x) = x° g’(x) = sin(x) .

Once again we select f(x) as the part of the product that simplifies when
differentiated. Now integrate g’(x) and differentiate f (x):

fi(x) = 2x g(x) = —cos(x) .

17



Applying the formula:

1

[redx=rfg - [fgdx
—x’cos(x) — j2x[—cos(x)]dx
= —x’cos(x) + 2[ x cos(x)dx (*)

The remaining integral is still non-standard and requires a second integration by parts:

f(x) = x g’(x) = cos(x) .
f(x) =1 g(x) = sin(x) .
Applying the formula:

jxcos(x)dx = xsin(x) - jl.sin(x)dx
= xsin(x) - jsin(x)dx

xsin(x) + cos(x)
Substituting this result back into (*) above and addinga ‘“+ C° gives

1

—x> cos(x) + 2.[ cos(x) x dx

—x>cos(x) + 2[xsin(x) + cos(x)] + C

= —x>cos(x) + 2xsin(x) + 2cos(x) + C

(18). Now consider [ = I x*Inx dx .

Sometimes we have to think a little harder as to which part of the product should be
chosen as f(x) and which part should be chosen as g’(x). In this example we do not

know how to integrate Inx but we do know how to differentiate it. We therefore

choose to differentiate Inx and integrate the x° term. Define
f(x) = Inx gx) =x",
giving
’ 1 1 4
f(X)=; g(x) = 3x° .

18



Substituting the appropriate expressions into the integration by parts formula gives

I=fg - [fgdx
1
= Inx.ix* - J.—.%x“dx
x
= 1x'Inx - %J- x> dx
= Ix*lnx - 11x* +C
= Ix*lnx - Lx* +C

(19). Now consider I = I e’ sin(2x) dx.

Note: This example is messy, but it does illustrate a “nice” application of repeated
integration by parts.

If we perform a repeated integration by parts, each time setting f* as the trigonometric
function and g’ as the exponential function, we obtain

I = te’sin(2x) - 2e’*cos(2x) - %J e’ sin(2x) dx .

The original integral has re-appeared in the last term on the right-hand-side and so it
looks like the approach is futile. However, we can replace the integral by the letter 7,
because that is how we defined it at the start:

I = te’sin(2x) — 2e*cos(2x) — 41 .

1
3

This is now an equation for /. Since [ is what we are after, solving this equation
should give us the integral (providing we remember it must contain a + C ):

I + 4] = L’ sin(2x) — 2e**cos(2x)
B = 1le’sin(2x) - 2e**cos(2x)
I = 2|te*sin(2x) - 2e*cos(2x)] + C
I = L|3esin(2x) — 2e*cos(2x)] + C
I = %[3sin(2x) — 2cos(2x)]e* + C .

19



6). Integration Using Trig Identities

Integrals that contain powers of sines or cosines are non-standard. In such cases the
following trigonometric identities may prove useful:

sin’ (wx) = 1[1 - cos(2wx) ]
cos’(wx) = L[1 + cos(2wx)] .
Examples

(20). Determine I = I sin” (2x) dx .

~
Il

Isinz(Zx) dx
= I%[l — cos(4x) Jdx

I[x — 4sin(4x)] + C

x — gsin(4x) + C.

=

(21). Determine I = I cos> (3x) dx .

~
Il

I cos” (3x) dx

I%[l + cos(6x) ]dx
I[x + &sin(6x)] + C

X + Hsin(6x) + C.

20



7). Integration Using Partial Fractions

Partial fractions can sometimes be used to re-write an integrand in a more friendly form.

Example

(22). Determine I = 2x + 5 dx with the aid of partial fractions.
(2x + D(x + 3)

Applying a partial fraction expansion, it can be shown that:

2x + 5 _ %Lk

(2x + I)(x +3) 2x +1 x + 3

This means that the integral can be re-written as

I=§J;dx+§j;dx.
(2x + 1) (x + 3)

Each of the sub-integrals can be determined from the result:

J‘;dx =lln|ax+b| + C .
ax + b a

So

I = %I—dx + %J‘;dx
2x + 1) (x + 3)

= $1m2x + 1] + 1 Injx +3[+C

$In|2x + 1]  + Llnjx + 3|+ C .




8). DefinitelIntegration
(a). Definition and Evaluation of a Definite Integral

Consider the graph of a function y = f(x) and denote the function’s integral by
F(x)+C:

Y
y = f(x) Integration can allow us to work
out the area A4 of the shaded region
between the curve y = f(x),
the x-axis and the vertical lines
X=aadx=b.
A
X
0 a b
Figurela
Y
Approximate the area using n
narrow rectangles.
= X
Y S () ZZ Area of a typical rectangle:
/ f(x) Ax .
Approximation of total area:
A=4,=Y f(x) A
0 a X b
A&~
Figure1lb

By squeezing more and more rectangles into the area, we obtain better and better
approximations to 4. It can be shown that

4, » A= [ fa = [F()]) = F(b) - F(a) .
This is a statement of the Fundamental Theorem of Integral Calculus.

22



The integral
b
[ r(x)ax

is called a definiteintegral, with a and b the limits of integration.

Notes: (i). Sometimes the integral is written as
x=b
| S f(x)ax

If you always keep in mind the variable of integration (x in this case) you
may drop the “x =" ‘s.

(if). Although definite integration is introduced through area under a curve, it
does have far wider interpretations and applications. We shall use the area
interpretation later. In the meantime, just learn how to evaluate definite

integrals.

Example

1
(23). Evaluate jo x> dx .

23



Further Examples
2

(24). Evaluate I (x* =1) dx .
-1

I = J'zl (= 1) dx

_ 1,3 ]2
—[3x X

(4x2° =2) = (4x(-1)* = (-1

I

W oo
|
[\
+

_1w/1 2

Area below the x-axis is negative and cancels out the positive area above the x-axis.

24



A
(25). Evaluate JA sin(2x) dx .
0

~
Il

A
'[ sin(2x) dx
0

[—%cos(Zx)]?

= -3 [ cos(5) — cos(0) ] Remember: Radians, not degrees!

(b). Effect of a Change of Variable (I ntegration by Substitution)

If we transform an integral using a substitution, we can incorporate the limits in one of two
ways. We can treat the integral as indefinite and only evaluate with the limits after the
integration has been done and the resulting expression has been transformed back to the
original variable of integration. Alternatively, we can transform the limits as we go along.

Example
1

(26). Evaluate I (2x — 1) dx
0

Method 1 is to treat the integral initially as indefinite and leave the evaluation at the limits
until the end:

1
I = jo (2x — 1) dx

u = 2x-1
du _
dx

du = 2dx
dx = Ldu

25



1
I = jo (2x — 1) dx

J. u’ (4 du)  (temporarily omit the limits)

= .[ u’ du
=1y’ (can omit the + C)
= L(2x = 1)’ (now reintroduce limits)

1

= [tex - 1]

TR

o~
=

Method 2 is to transform the limits as we go:

x=1
I = jo (2x — 1) dx

u = 2x-1
L2
du = 2dx
dx = 1 du
Limits:

26



Notes: ().

(ii).

=

u=+1
2
I u” du
u=-1
1 3]u:+l
[6u u=-1

LED = LD

|~

A result that sometimes proves useful is

[Treoa + [Ffeode = |7 fxyde .

Definite integration has a few restrictions. One problem arises when the
integrand and its antiderivative are undefined at or between the limits of
integration. If this is so we may not be able to evaluate the integral. For
example,

0o 1 | bl
J —za’x . J.—zdx and J. —2dx

-1 X 0 X -1 X

all cannot be evaluated because of problems at x = 0. However,

-1 2
.[ L& and I L
1

2
-2 X X

can be evaluated since the problem value is outside the limits.

27



(c). Using Definite Integration to Determine Areas Between Curves

Consider the area enclosed between the curves y = f(x) and y = g(x), restricted by
the vertical lines x = a and x = b:
y
Ax Ve Yy =f{x) (upper)

_— r= g(x) (lower)

The area of the rectangular strip located at x = x, is given by

A4 = [f(x) — g(x)]Ax .

The total area is approximated by summing over all strips covering the area:

A=Y 0f(x) - g(x)] A

The exact area is given by the limit of this expression as n — o and Ax — 0, which is the
definite integral

4= [11f(x) - g(x)]dx.

Note that we don’t have to establish whether or not the curves lie wholly or partly above or
below the x-axis; the formula automatically takes this into account. However a sketch of the
curves may be useful to establish which is upper and which is lower. Also, a little bit of
analysis may be necessary to determine the limits of the integration.

28



Example
(27). Determine the area in the 1st quadrant enclosed by the curves y = x and y = x°.

First determine where the two curves intersect by equating the y’s, rearranging and solving
for x:

x(x* = 1) =0

x(x + H)(x —1) =0

Points of intersection are locatedat x = —1, x = 0 and x = +1, giving the graphs in
the 1st quadrant as:

_—_-—_— - - —_- —_ —_— =

The enclosed area is therefore given by the definite integral

A = I; (x — x°)dx

29



Tutorial Exercises

Basic I ntegration

Q1. Determine the following indefinite integrals:

0. [ x* ax
(iii). j(x3+4)dx
[a-2y+7y")ay

(vii). j (£ +3¢%) dt

3
(i%). jx LN
X

(xi). jx2\/?dx

(xiii). [ (1 + sinx) dx

Integration by Substitution

(ii). jx7 dx

(iv). j(xs +4x7 —7x%) dx
(vi). j(7—4y+11y3)dy
(viii).j (£ +3t-7)dt

d 2
(). X t+x+l dx

v x2

o[ 3
(xii). 1 + — |dx
¢ [ x ]

(Xiv).‘[ (2 + cosx)dx

Q2. Using an appropriate substitution, determine the following indefinite integrals:

J. 3x7(x° —4)° dx
(iii). j 6x(3x> +1)* dx

I 3x° (5x° = 10)* dx

(vii). j x>+ 7)(x> +Tx+1)° dx

x* +1
(1)- j(x +3x+6)

(ii). j 10x*(2x° — 4)° dx
(iv). I x*(3x° —8)° dx
(vi). j (3x> +7)(x* + 7x)° dx

.. [ 2x-6
(viii). | —5——— dx
J (x* —6x)

x+1 5
J 2x* +4x-5)

(x).

30



Q3. Using an appropriate substitution, determine the following indefinite integrals:

i). jsin(3x)dx
(iii). je“ dx
(V). I e’ dx

(vii). j xsin(3x> +1) dx

Integration by Parts

(ii). I cos(2x —1) dx
(iv). [ e dx
(vi). I xe® dx

(viii).J. x? cos(x® +1) dx

Q4. Determine the following indefinite integrals using integration by parts:

Q5.

(i). jxex dx
(iii). jxe_”‘ dx
(v). J.xsin(3x)dx
(vii). j x2e® dx

(i%). Ilenx dx

Determine

j In(x) dx
by writing it as

j 1.1In(x) dx

and using integration by parts where

f(x) = In(x) and g'(x)

(ii). jxe“ dx

(iv). jxsin(4x)dx
(vi). [ xcos(2x) dx
(viii).J' x? cos(2x) dx

(). I x Inx dx

31



Integration by Re-writing of the Integrand

Q6. Determine the following definite integrals:
(i). j sin’ (4x) dx

(ii). j cos® (5x) dx

(i), i 3x+5
J (x+1)(x+3)
. i 2x —1
(Iv). J (x=2)(x+4)
* S5x® +15x -2
(V). >
J (x-D(x+2)

Definite I ntegration

Q7. Evaluate the following definite integrals:

(). jf 2x dx (ii). jf (2x +1) dx
(i). | 18x* dv (v). [ (3x*+1)dx
V. [ xy3x7 +1dx (V). [ e dx

(vii). j: e dx (viii). [ sinx dx

). [ cos(2x) ds ). Ilz édx

. 2 1 .. +7/8
(xi). I dx (xii). I cos(4x)dx .
o x+1 —z/8



Q8. Evaluate the following definite integrals with the aid of a change of variable:

(0). le LB

1+ x

. 2 x
: x?
-, gy

(iv). I: ¥ 9+ 2% dv .

Areas by Integration

Q9. Determine the areas under the following curves for the ranges indicated:

x> from x=1 to x=3

). v

4—x* from x=0 to x=2 .

(i). vy

Q10. (i). Sketchthe curve y = x (x —1) (x —2) showing where it cuts the x-axis.

(if). Determine the area enclosed by the curve y = x (x —1) (x — 2) and the x-axis.

Q11. In the following, determine where the curves intersect, sketch the curves and determine
the area enclosed between the curves:

(). y=x+1land y = x> -1
(). y = 4x and y = x(10—x)
(iii). y = x> +3 and y = 2x° -1 .
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Answersto Tutorial Exercises

Al

A2.

A3.

@i).
(iii).
(V).

(Vii).

(ix).

(xi).

Ix"+C
%x4+4x+C
y=y'+3y +C
it 43+ C

+C

x_
2
X

£/
Z +C

(xiii). x — cosx + C

().

(iii).

(V).

(Vii).

(ix).

OF
(iii).

(V).

L@ -4)+cC
13x*+1)° +C
L(5x° =10)’ + C

L +7x+1) +C

iln‘x3+3x+6‘ +C

—+cos(3x)+ C

+C

le
2 €

3x-1
te +C

(vii). —Lcos(3x* +1)+ C

(ii).
(iv).
(vi).

(viii).

(x).

(xii).

(xiv).

(ii).
(iv).
(vi).

(viii).

(x).

(ii).
(iv).

(vi).

(viii).

X +cC

6 4 3
X +x"=-Ix+C

Ty-2y*+iy*+C

207 432 - Tt+ C

x+1nx—l+C
X

x+6x"*+C

2x +sinx + C .

12x’ -4 +C
+(3x° -8 +C
L(x*+7x) +C

1
— S +C
3(x” —6x)

Hn|2x* +4x -5 +C .

+sin(2x-1)+ C

-e " +C

2

1 X
76 +C

Lsin(x> + 1)+ C .
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(). (x-1e*+C

(ii). ftQ2x-1e* +C

(iii). —(x+1)e™*+C

(iv). L[sin(4x)—4xcos(4x)]+C

(V). $[sin(3x) —3xcos(3x)]+C

(vi). +[cos(2x)+ 2xsin(2x)]+C

(vii). (x> =2x+2)e* +C

(vii). xcos(2x) +1(2x* —1)sin(2x) + C

(ix). 1x’ ln|x| -1y +C

o~

2

(x). 1x’ ln|x| - x* +C

ENES

xln|x| - x + C

(). I[x — §sin(8x)] + C
(ii). +[x + &sin(l0x)] + C

(i) Injx+1] + 2In|x+3] + C or In|(x+1)(x+3)’| + C

(iv). %ln|x—2| + %ln|x+4| + C or ln‘(x—z)% (x+4)% L C
2

(v). Partial fractions: Sx” +15x 22 = 2 + 3 + 4 .

(x—1D(x+2) x—1 x+2 (x+2)

Integral: 21n|x—1| + 3ln|x+2| - + C

x+2



A7. (). 3 (ii). 4

(iii). 39366 (iv). 4
(v). (vi). L(e*-1) = 3.195
(Vii). 1—e™> = 0.950 (viii).0.4597
(ix). 0 (x). In(2) = 0.693
(xi). In(3) = 1.099 (xii). 0.5
A8. (). LIn(3) = 0.4581 (). 5 - J2 = 08219
(iii). % =~ 0.03646 (iv). £ ~ 32.6667
A9. (i). 20 (ii). &
A10. (i).
Y
g 1 2 i

(ii). Integrate between 0 and 1 to give 0.25.
Integrate between 1 and 2 to give —0.25.

Total area enclosed = 0.25 + 0.25 = 0.5 .



A11. (i).

+1

-1

2

2
Enclosed area = J. (x—x*+2)dx = 2 = 45
-1

(ii).

y = 4x

y=x(10 -x)
10\ g

6
Enclosed area = j (6x — x*)dx = 36
0

-1
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(iii).

+2

Enclosed area = I (4x — x*)dx = 2
2
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